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The aim of this two-part paper is to propose an efﬁcient and accurate alternative to the computationally
expensive three-dimensional ﬁnite element method (3D-FEM), for analyzing delaminated multilayered
plates under uniaxial extension. Many of the existing models deal with the analysis of multilayered struc-
tures only in the non-delaminated state. The ﬁrst part of the present study extends the application of a
layerwise stress model, called the LS1 model, to delaminated multilayered plates subjected to uniaxial
extension. The analytical LS1 solutions are derived for general non-delaminated and delaminated
multilayers and compared to 3D ﬁnite element solutions. The comparison gives a good agreement
between the LS1 and 3D-FE models except near singularities (free edges, crack tips, . . .). In order to
overcome this drawback, a reﬁnement approach, called the reﬁned LS1, is presented in Part II and applied
to angle-ply rectangular composite laminates. The comparison between the reﬁned LS1 and 3D-FE mod-
els reveals an excellent agreement, even in the vicinity of singularities, in terms of interlaminar stresses
and strain energy release rate. The main conclusion of the second part is that the proposed reﬁned LS1
model can be used as an accurate and very efﬁcient model for evaluating the interfacial stress ﬁelds as
well as the strain energy release rate in multi-delamination problems.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Delamination is one of the most common failure modes in mul-
tilayered structures and especially in composite laminates. The
delamination phenomenon can be induced by various factors such
as stress concentration at free edges, poor adhesion of layers, ob-
ject impacts, global or local buckling of layers, etc. This failure
mode can cause stiffness reduction and strength degradation,
which may lead to total failure of the structure. As a consequence,
the analysis of delamination becomes quite essential for multilay-
ered structures.
Various viewpoints are considered for the modeling of delami-
nated structures. Some investigations are based on damage
mechanics using the imperfect interface and cohesive zone ap-
proaches for modeling the delamination (Allix and Ladevèze,
1992; Allixa et al., 1998; Borg et al., 2002; Greco et al., 2002;
Harper and Hallett, 2008; Qiu et al., 2001). In these approaches,
which are particularly efﬁcient for the delamination nucleation,
the delamination is represented as total damage of the imperfect
interface. Some others approaches use fracture mechanics consid-
ering delamination as the propagation of a crack between twoll rights reserved.
+33 1 64153741.
, karam.sab@enpc.fr (K. Sab),adjacent layers of the delaminated interface (Davidson, 1990;
Larsson, 1991; Nilsson, 1993; Ousset, 1999). The virtual crack
closure, the virtual crack extension and the J-integral techniques
are used for the simulation of delamination especially with ﬁnite
element method.
Many methods have been proposed to predict the delamination
in multilayered structures. However, because of the complexity of
the stress ﬁelds in the vicinity of free edges and crack tips, there is
always a need for an effective and accurate approach for evaluating
the initiation and the propagation of delamination in multilayered
structures. The nucleation of delamination and its growth is a com-
plicated process so that the problem is 3D in nature. Several 3D ap-
proaches have been proposed in the literature for the modeling of
the delamination. In ﬁnite element models, in order to capture
accurately the stress concentration, a large number of elements
should be considered through the thickness of laminate in the
vicinity of free edges and crack tips. Thus, the ﬁnite element model
may become very large and computationally expensive which is
not attractive to designers of composite structures. Consequently,
efﬁcient 1D or 2D methods are needed for the analysis of delami-
nation problems. The beam (1D) and plate (2D) theories have been
widely used in the analysis of delamination problems. The delam-
ination in composite structures has primarily been modeled by
classical laminate theory (CLT) in which transverse shears are com-
pletely ignored. The ﬁrst-order shear deformation theories (FSDT),
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delamination problems. By applying the Timoshenko beam theory,
Shen and Grady (1992) analyzed the dynamic characteristics of a
delaminated composite beam. Lee (2000) used a layerwise theory
for the free vibration analysis of a delaminated composite beam.
Chattopadhyay and Gu (1994) developed a higher order theory
for modeling delamination in composite plates and shells of mod-
erately thick construction. Although the global results of the higher
order theories are accurate, the stress continuity at interfaces is not
achieved. To overcome this drawback, Barbero and Reddy (1991)
and later Dakshina Moorthya and Reddy (1998) proposed a layer-
wise approach for the modeling of delamination in composite lam-
inates. In Cho and Kim (2001); Oh et al. (2008), the authors used a
higher order zigzag theory for the analysis of multi-delaminated
composite plates. Park and Sankar (2002) presented a method,
called the crack-tip force method, for evaluating the energy release
rate in delaminated beams and plates. Zou et al. (2002) presented a
two-dimensional model, as an assembly of sub-laminates con-
nected through their interfaces, for modeling the progressive inter-
laminar delamination in laminated composite structures. Kim et al.
(2003) developed a new generalized layerwise approach for char-
acterizing the delamination effects on the dynamic response of
composite laminated structures with arbitrary stacking sequences.
Krueger and O’Brien (2001) applied a three-dimensional shell
modeling technique for delamination analysis of composite lami-
nates using the commercial software Abaqus.
The objective of this work is to present an efﬁcient and accurate
alternative to 3D methods for analyzing non-delaminated and del-
aminated multilayered materials under uniaxial extension. A lay-
erwise stress model, previously called the Multiparticle Model of
Multilayered Materials (M4) (see Caron et al., 2006; Carreira et al.,
2002; Dallot and Sab, 2008; Diaz Diaz and Caron, 2006; Diaz
et al., 2002; Naciri et al., 1998; Nguyen and Caron, 2006), is used
to solve the problem. Based on Carrera’s nomenclature (Carrera,
2004), the M4 model can be described as a LS1 model (layerwise
stress approach with ﬁrst-order membrane stress approximations
per layer in the thickness direction). In this model, each layer is
considered as a Reissner–Mindlin plate and the layers are linked
together by interfacial stresses considered as generalized stresses
in the model. Consequently, the out-of-plane shear and normal
stresses are continuous at the interfaces. The main difference be-
tween the LS1 model and the other layerwise models is that, most
often, the layerwise models are either displacement approaches or
mixed displacement-stress approaches while the LS1 model, in-
spired from Pagano’s model (Pagano, 1978), is a pure layerwise
stress approach where there is no ad hoc hypothesis on displace-
ment ﬁelds.
The analytical solutions of the LS1 model for uncracked sym-
metric laminates under uniaxial extension were obtained by Naciri
et al. (1998) and validated by Carreira et al. (2002) in comparison
with FEM. The present investigation applies, for the ﬁrst time, the
LS1 model to analyze multilayered materials in delaminated state.
The method proposed in this study allows a full analysis of multi-
delaminated symmetric or unsymmetric multilayered plates under
uniaxial extension. The delaminated plate is divided into sub-lam-
inates (zones) at each crack tips. Unlike the others methods pro-
posed in the literature (Park and Sankar, 2002; Qiao and Wang,
2004; Zou et al., 2002) in which the division-plane is the delamina-
tion plane, herein the division-plane is perpendicular to the delam-
ination plane. As a consequence, in this method the sub-laminates
are connected together by layer forces and not by interfacial forces.
The advantage of this method is that for all delaminations with the
same length, there will be only one division (i.e. each sub-laminate
can contain several delaminated interfaces). Therefore, there will
be fewer sub-laminates and thus fewer equations compared to
other methods. By setting to zero the interlaminar stresses atdelaminated interfaces, the solution for different zones are ob-
tained. The layer displacement and stress continuity conditions
are enforced between the zones which provides the global solution
for the delaminated plate.
Although the LS1 model provides satisfying estimations of 3D
ﬁelds, in the vicinity of singularities (particularly near free edges
or crack tips) its results are not satisfactory compared to detailed
3D analyses. This should be attributed to the 2D character of the
model. In order to enhance the local estimation of interlaminar
stresses and the energy release rate, a reﬁnement mesh strategy
will be proposed in the second part of this paper (Saeedi et al.,
accepted for publication). In this way, the accuracy of the model in-
creases as mush as needed. It will be shown that not only this new
approach, called the reﬁned LS1, is efﬁcient but also its results are
in excellent agreement with the 3D results. Based on this method,
a dedicated software has been developed which gives the analyti-
cal solutions of multilayered laminates under uniaxial extension in
non-delaminated and delaminated states. This program is able to
determine easily all the stress and displacement ﬁelds at interfaces
and layers as well as the energy release rate even in laminates
constituted of a large number of layers with several interfacial
cracks. This efﬁcient software can be used for the analysis of dela-
minated multilayered plates in problems dealing with the predic-
tion and/or propagation of delamination.
2. The LS1 model
In this section, the formulation of the LS1 model (layerwise
stress model with ﬁrst-order membrane stress approximation per
layer), previously called M4-5n model, is brieﬂy presented. In the
next sections, this model will be used to solve the delamination
problem in composite laminates under uniaxial extension. In the
following formulation, x and y represent the in-plane directions
and z is the thickness coordinate. hi; h
i
þ and
hi are respectively
the bottom, the top and the mid-plane z coordinate of layer i and
ei ¼ hiþ  hi denotes the thickness of layer i. Greek alphabet sub-
scripts (such as a; b; c; d) correspond to fx; yg or f1;2g.
2.1. Generalized stresses and 3D stress ﬁeld
As explained, the LS1 model is a layerwise model with stress
ﬁeld approximations. Indeed, this model presents a stress ap-
proach based on Pagano’s model (Pagano, 1978), in which there
is no hypothesis on displacement ﬁelds. In this model, the 3D
stress components are considered as polynomial functions of z
whose coefﬁcients are expressed in terms of generalized stresses
of the model. The in-plane stress components rab are chosen as
linear functions of z. According to the 3D equilibrium equations,
the shear stresses raz and the normal stress rzz are respectively
quadratic and cubic polynomial functions of z. The generalized
internal stresses are deﬁned as follows (a; b 2 fx; yg):
 In-plane stress, moment and shear resultants of layer i,
respectively:Niabðx; yÞ ¼
Z hiþ
hi
rabðx; y; zÞdz ð2:1Þ
Miabðx; yÞ ¼
Z hiþ
hi
ðz hiÞrabðx; y; zÞdz ð2:2Þ
Qiaðx; yÞ ¼
Z hiþ
hi
razðx; y; zÞdz ð2:3Þ Interlaminar shear and normal stresses at interface i; iþ 1:
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mi;iþ1ðx; yÞ ¼ rizzðx; y;hiþÞ ¼ riþ1zz ðx; y;hiþ1 Þ ð2:5ÞThe interlaminar stresses at interfaces are unknowns of the
model. Therefore, the stress continuities at the interfaces are auto-
matically satisﬁed and the interlaminar stresses can be evaluated
directly without any postprocessing. If needed, the distributions
of the 3D stresses can be calculated across the thickness of the lay-
ers. The 3D stress components are expressed in terms of the gener-
alized stresses of the model as described in Appendix A.
2.2. Generalized displacements and generalized strains
Since the LS1 model is a layerwise stress approach, there is no
hypothesis on the form of the displacement ﬁelds and the displace-
ments stem from the model. By introducing the assumed stress
ﬁelds into the Hellinger–Reissner functional and integrating with
respect to z over the thickness of each layer, the expressions of
generalized displacements are deduced. These generalized dis-
placements are in fact weighted-averages of the 3D displacements
(see Carreira et al., 2002; Naciri et al., 1998, for more details). In
this way, ﬁve kinematic ﬁelds (three displacements and two rota-
tions) are introduced for each layer:
Uiaðx; yÞ ¼
1
ei
Z hiþ
hi
Uaðx; y; zÞdz ð2:6Þ
Uizðx; yÞ ¼
1
ei
Z hiþ
hi
Uzðx; y; zÞdz ð2:7Þ
Uiaðx; yÞ ¼
12
ðeiÞ2
Z hiþ
hi
z hi
ei
Uaðx; y; zÞdz ð2:8Þ
Generalized strains which are deduced from the generalized
displacements, are associated with the generalized stresses so that
they appear as the energy conjugate to the generalized stresses in
the Hellinger–Reissner functional. They are deﬁned as follows:
eiab ¼
1
2
Uia;b þ Uib;a
 
ð2:9Þ
viab ¼
1
2
Uia;b þUib;a
 
ð2:10Þ
diUa ¼ Uia þ Uiz;a ð2:11Þ
Di;iþ1a ¼ Uiþ1a  Uia 
ei
2
Uia þ
eiþ1
2
Uiþ1a
 
ð2:12Þ
Di;iþ1z ¼ Uiþ1z  Uiz ð2:13Þ
Accordingly, the generalized strains eiab; viab; d
i
Ua ; D
i;iþ1
a
and Di;iþ1z are associated, respectively, with the generalized stresses
Niab; M
i
ab; Q
i
a; si;iþ1a and mi;iþ1.
2.3. Constitutive and equilibrium equations
The derivation of the Hellinger–Reissner functional with respect
to generalized stresses yields the constitutive equations of the
model.
Constitutive relations for layer i:
 Membrane and in-plane shear:eiab ¼
1
ei
SiabcdN
i
cd ð2:14Þ Bending and torsion:viab ¼
12
eið Þ3
SiabcdM
i
cd ð2:15Þ Out-of-plane shear:d iUa ¼
6
5ei
SiQ abQ
i
b 
1
10
SiQ ab s
i1;i
b þ si;iþ1b
 
ð2:16ÞConstitutive relations for interface i; iþ 1:
 Interlaminar shear stress:Di;iþ1a ¼ 
1
10
SiQ abQ
i
b þ Siþ1QabQ
iþ1
b
 
 1
30
eiSiQ abs
i1;i
b þ eiþ1Siþ1Qabs
iþ1;iþ2
b
 
þ 2
15
eiSiQ ab þ eiþ1S
iþ1
Qab
 
si;iþ1b ð2:17Þ Interlaminar normal stress:Di;iþ1z ¼
9
70
eiSimm
i1;i þ eiþ1Siþ1m miþ1;iþ2
 
þ 13
35
eiSim þ eiþ1Siþ1m
 
mi;iþ1 ð2:18Þwhere Siabcd , S
i
Q ab and S
i
m are components of the compliance matrix
of layer i as expressed in Appendix B.
The derivation of the Hellinger–Reissner functional with respect
to generalized displacements leads to the equilibrium equations.
Since there are ﬁve generalized displacements per layer, ﬁve equi-
librium equations are obtained for each layer:
Niab;b þ si;iþ1a  si1;ia ¼ 0 ð2:19Þ
Miab;b þ
ei
2
si;iþ1a þ si1;ia
  Qia ¼ 0 ð2:20Þ
Qib;b þ mi;iþ1  mi1;i ¼ 0 ð2:21Þ2.4. Boundary conditions
Since the model consists of 5n displacement ﬁelds, there are
5n boundary conditions at each edge. The boundary conditions
of the model are written in terms of generalized stresses or gen-
eralized displacements. At point pðx0; y0Þ on the lateral edge of
the plate, the 5n boundary conditions are given as follows
(1 6 i 6 n):
Niabðx0; y0Þ nb ¼ Nia
h id
or Uiaðx0; y0Þ ¼ Uia
h id
Miabðx0; y0Þ nb ¼ Mia
h id
or Uiaðx0; y0Þ ¼ Uia
h id
Qiaðx0; y0Þ na ¼ Qi
h id
or Uizðx0; y0Þ ¼ Uiz
h id ð2:22Þ
with
Nia
h id
¼
Z hþi
hi
Tiaðx0; y0; zÞdz
Mia
h id
¼
Z hþi
hi
Tiaðx0; y0; zÞðz hiÞdz
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h id
¼
Z hþi
hi
Tizðx0; y0; zÞdz
where the vector n ¼ ðna;nbÞt is the outward normal to the lateral
edge and T is the traction vector. The index d denotes determined
(given) ﬁelds.
3. Analysis of non-delaminated multilayered plate
3.1. Problem description
A general ðh1; h2; . . . ; hnÞ composite plate is considered with a
length of 2l and a width of 2b respectively in the x and y directions
(Fig. 1). The thickness of the laminate following the z direction is
equal to
Pn
i¼1e
i ¼ 2h and the middle plane of the plate is located
at z ¼ 0. The behavior of all layers is considered orthotropic. In or-
der to apply a uniaxial extension, uniform displacements D are
imposed at the edges x ¼ l while the other edges are free. It is as-
sumed that the plate is long in the x direction (l  b  h) so that
the strain components are independent of the x-coordinate far
from the ends x ¼ l.
3.2. LS1 problem formulation
Knowing that the strain ﬁeld is independent of x, the general-
ized displacements can be written as follows:
Uixðx; yÞ ¼
D
l
xþ uixðyÞ; Uiy ¼ ðx; yÞ ¼ uiyðyÞ; Uiz ¼ ðx; yÞ ¼ uizðyÞ
Uixðx; yÞ ¼ /ixðyÞ; Uiyðx; yÞ ¼ /iyðyÞ
ð3:1Þ
By introducing these displacement ﬁelds into Eqs. (2.9)–(2.13), the
generalized strain components are obtained as follows:
eixx ¼
D
l
; eiyy ¼ uiy
0
; eixy ¼
1
2
uix
0
vixx ¼ 0; viyy ¼ /iy
0
; vixy ¼
1
2
/ix
0
dix ¼ /ix; diy ¼ /iy þ uiz
0
Di;iþ1x ¼ uiþ1x  uix 
ei
2
/ix þ
eiþ1
2
/iþ1x
 
Di;iþ1y ¼ uiþ1y  uiy 
ei
2
/iy þ
eiþ1
2
/iþ1y
 
Di;iþ1m ¼ uiþ1z  uiz
ð3:2Þ
where the prime sign denotes the derivation with respect to y. By
using Eqs. (2.14)–(2.18), the constitutive equations yield:Fig. 1. Laminate geometry, imposed displacements and coordinate system. Constitutive relation for layer i:
D
l
u0y
u0x
0B@
1CA
i
¼
eeS i
ei
:
Nxx
Nyy
Nxy
0B@
1CA
i
ð3:3Þ
0
/0y
/0x
0B@
1CA
i
¼ 12
ðeiÞ3
eeSi: MxxMyy
Mxy
0B@
1CA
i
ð3:4Þ
/x
/y þ u0z
 !i
¼ 6
5ei
eeS iQ : QxQy
 i
 1
10
eeS iQ : si1;ix þ si;iþ1xsi1;iy þ si;iþ1y
 !
ð3:5Þ
 Constitutive relation for interface i; iþ 1:uiþ1x uix e
i
2/
i
xþ e
iþ1
2 /
iþ1
x
 
uiþ1y uiy e
i
2/
i
yþ e
iþ1
2 /
iþ1
y
 
0@ 1A¼ 1
10
eeSiQ : QxQy
 i
þ eeSiþ1Q : QxQy
 iþ1" #
 1
30
eieeS iQ : sxsy
 i1;i
þeiþ1eeSiþ1Q : sxsy
 iþ1;iþ2" #
þ 2
15
eieeS iQ þeiþ1eeSiþ1Q  sxsy
 i;iþ1
ð3:6Þ
uiþ1z  uiz ¼
9
70
eiSimm
i1;i þ eiþ1Siþ1m miþ1;iþ2
 
þ 13
35
eiSim þ eiþ1Siþ1m
 
mi;iþ1 ð3:7Þwhere eeSi and eeSiQ denote respectively the plane stress part and the
out-of-plane shear stress part of the compliance matrix of layer i
(see Appendix B).
Moreover, according to Eqs. (2.19)–(2.21), ﬁve equilibrium
equations are written for each layer as follows:
Nixy
0 þ si;iþ1x  si1;ix ¼ 0 ð3:8Þ
Niyy
0 þ si;iþ1y  si1;iy ¼ 0 ð3:9Þ
Mixy
0 þ e
2
si;iþ1x þ si1;ix
  Qix ¼ 0 ð3:10Þ
Miyy
0 þ e
2
si;iþ1y þ si1;iy
 
 Qiy ¼ 0 ð3:11Þ
Qiy
0 þ mi;iþ1  mi1;i ¼ 0 ð3:12Þ
There are 16n 3 unknown ﬁelds and the same number of
equations from which 10n are ﬁrst-order differential equations
and 6n 3 are algebraic. By condensing the system of equations,
a system of 5n second-order differential equations is extracted
which can be written as:
X00 ¼ M  X ð3:13Þ
where X is an unknown vector of dimension 5n and M is a 5n 5n
matrix which depends on the mechanical material properties, the
orientation and the thickness of the layers (see Appendix B for more
details).
By applying the eigenvector expansion method, the obtained
system of equations is solved. Knowing that there may be complex
and repeated eigenvalues, the analytical solution of the system of
equations will be in the form of exponential, trigonometric and
polynomial functions as follows:
X ¼
X2n
i¼1
eaiy PiðyÞ sinðbiyÞ þ QiðyÞ cosðbiyÞ
 	 ð3:14Þ
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functions with constant coefﬁcients. Since there are 5n second-or-
der differential equations, 10n unknown constants of integration
are obtained. In order to determine these constants 10n boundary
conditions are needed. These boundary conditions are obtained by
imposing free-edge conditions at the edge y ¼ b. For each layer i
(1 6 i 6 n) there are 10 equations:
NixyðbÞ ¼ 0; NiyyðbÞ ¼ 0; MixyðbÞ ¼ 0;
MiyyðbÞ ¼ 0; QiyðbÞ ¼ 0 ð3:15Þ
In this paper, we are interested in the free-edge problem but any
boundary condition could be imposed at the edge y ¼ b by replac-
ing the boundary conditions 3.15 by the desired constraint
conditions.4. Analysis of delaminated multilayered plate
In this section, we are interested in the delaminated state of
multilayered plates under uniaxial extension. The same laminate
as considered in the previous section is discussed except that in
the present case there are one or more interfacial cracks.
4.1. Laminate with one interfacial crack
At ﬁrst, it is assumed that one delamination crack exists at an
arbitrary interface such as k; kþ 1. The crack initiates from the free
edge y ¼ bwith a length of a in the y direction and along the length
of the laminate in the x direction (see Fig. 2). The invariance
assumption following the x direction is still valid. Two zones are
distinguished:
Zone I : b 6 y 6 ðb aÞ non-delaminated zone
Zone II : ðb aÞ 6 y 6 b delaminated zone
To solve this problem, the expressions of the unknown ﬁelds in
zone I (non-delaminated) and II (delaminated) are found sepa-
rately; then, by enforcing continuity and boundary conditions,
the general solution of the problem is obtained. The solution of
the non-delaminated plate (zone I) has already been found in the
previous section. In this section, the solution of the delaminated
plate (zone II) is found. It is assumed that the laminate is com-
pletely delaminated at the interface k; kþ 1 in zone II. Thus the
three following equations are imposed:
sk;kþ1x ¼ 0; sk;kþ1y ¼ 0; mk;kþ1 ¼ 0; ðb aÞ 6 y 6 b ð4:1Þ
On the other hand, there are three displacement discontinuity ﬁelds
ck;kþ1x , ck;kþ1y and ck;kþ1z at the delaminated interface. The constitutiveFig. 2. Laminate with an interfacial crack of length a at the interface k; kþ 1.relation at the delaminated interface k; kþ 1 can be written as
follows:
 Interlaminar shear stress:Dk;kþ1a  ck;kþ1a ¼ 
1
10
SkQ abQ
k
b þ Skþ1Qab Q
kþ1
b
 
 1
30
ekSkQ abs
k1;k
b þ ekþ1Skþ1Qab s
kþ1;kþ2
b
 
þ 2
15
ekSkQ ab þ ekþ1S
kþ1
Qab
 
sk;kþ1b ð4:2Þ Interlaminar normal stress:Dk;kþ1z  ck;kþ1z ¼
9
70
ek Skm m
k1;k þ ekþ1 Skþ1m mkþ1;kþ2
 
þ 13
35
ek Skm þ ekþ1 Skþ1m
 
mk;kþ1 ð4:3Þwhere ck;kþ1 indicates the displacement discontinuity ﬁelds at the
interface.
By writing the equations of the LS1 model and applying the
same method used in the non-delaminated state, a similar system
of 5n second-order differential equations is obtained as follows:
X00 ¼ Md  X ð4:4Þ
where X is an unknown vector of dimension 5n with the same
expression and Md is a 5n 5n matrix which depends on the
mechanical material properties, the orientation, the thickness of
the layers and also the position of the crack (see Appendix C for
the details).
It should be noted that the system of equations in non-delami-
nated state (3.13) and delaminated state (4.4) have the same form
except that the matrix M in the non-delaminated state changes to
Md in the delaminated state.
To ﬁnd the general solution of the problem, it is necessary to
apply the boundary conditions. Since there are two systems of 5n
second-order equations, there will be 2 10n constants of integra-
tion; thus 2 10n conditions are needed for determining these
unknown constants. There are 10n boundary conditions at the free
edges y ¼ b (Eq. (3.15)). The 10n other conditions are deduced
from the continuity of generalized displacements and stresses
between zones I and II. There are ﬁve displacement continuity
relations per layer as follows:
uixðypÞ
 	I ¼ uixðypÞ 	II; uiyðypÞh iI ¼ uiyðypÞh iII; uizðypÞ 	I ¼ uizðypÞ 	II
/ixðypÞ
h iI
¼ /ixðypÞ
h iII
; /iyðypÞ
h iI
¼ /iyðypÞ
h iII
ð4:5Þ
The continuities of the generalized stresses are written as:
½½NðypÞ  ey ¼ 0; ½½MðypÞ  ey ¼ 0; ½½QðypÞ  ey ¼ 0 ð4:6Þ
This results to ﬁve conditions per layer as follows:
NixyðypÞ
h iI
¼ NixyðypÞ
h iII
; NiyyðypÞ
h iI
¼ NiyyðypÞ
h iII
MixyðypÞ
h iI
¼ MixyðypÞ
h iII
; MiyyðypÞ
h iI
¼ MiyyðypÞ
h iII
Q iyðypÞ
h iI
¼ QiyðypÞ
h iII ð4:7Þ
By using the constitutive equations, these continuity conditions can
be expressed as a function of ðuixÞ0; ðuiyÞ0; ð/ixÞ0; ð/iyÞ0 and ðQiyÞ0 which
are the principal unknowns of the ﬁnal system.
Fig. 3. Laminate section with several cracks at different interfaces.
Fig. 5. ð30	 ;60	 Þs laminate under uniaxial extension with delamination at the
interfaces 30
	
=60
	
.
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Now, we are interested in the general cracking conﬁguration
with several interfacial cracks. The problem is identical to the pre-
vious problem except that this time there are several interfacial
cracks with different length as shown in Fig. 3.
Herein, the approach consists in generalizing the applied meth-
od for the single crack problem. Indeed, in the case of a single crack
the laminate was divided into two zones at the crack tip. Similarly,
in the presence of several cracks the laminate section is segmented
following the y direction at every crack tip so that several zones are
found as shown in Fig. 4.
The governing system of equations in each zone is the same as
(3.13) for non-delaminated zones or (4.4) for delaminated zones
knowing that the expression of the matrix Md is changed depend-
ing on the number and the position of the cracks (see Appendix D
for more details).
For q zones, there will be 5n q second-order differential equa-
tions. Therefore, there are 10n q unknown constants of integra-
tion. In order to determine these constants, 10n q conditions
are needed. The free-edge conditions at the edges y ¼ b yield
10n boundary conditions as Eq. (3.15). Regarding the continuity
conditions, there are 10n conditions (ﬁve displacement continuity
conditions per layer as Eq. (4.5) and ﬁve stress continuity condi-
tions per layer as Eq. (4.7)) between every two adjacent zones.
Therefore, totally 10nþ 10n ðq 1Þ ¼ 10n q boundary condi-
tions are obtained. These conditions yield a system of 10n q
linear algebraic equations with 10n q unknown constants which
can be easily solved.5. Finite element validation
Based on the proposed model, a special software was developed
which gives the analytical LS1 solutions of the non-delaminated or
delaminated multilayered plate under uniaxial extension. In order
to validate the model, a case study is investigated and the results of
the LS1 model are compared to those of a 3D ﬁnite element model.
A rectangular ð30	 ;60	 Þs composite laminate is considered for
which the effect of all interfacial stresses is important. The width
and the height of the laminate are 2b ¼ 20 mm and 2h ¼ 4
0:19 ¼ 0:76 mm respectively in the y and z directions. All pliesFig. 4. Solving method for the laare made up of the same carbon-epoxy material (G947/M18)
whose mechanical properties are as follows:
EL ¼ 97:6 GPa; ET ¼ EN ¼ 8:0 GPa
GLT ¼ GLN ¼ 3:1 GPa; GTN ¼ 2:7 GPa
mLT ¼ mLN ¼ 0:37; mTN ¼ 0:5; e ¼ 0:19 mm
A uniaxial longitudinal strain exx ¼ 0:001 is imposed following
the x direction. As shown in Fig. 5, the delamination is made up
of four existing cracks of length a ¼ 1 mm situated symmetrically
at the interfaces 30
	
=60
	
. It is assumed that the laminate is very
long so that there is no variation in the x direction.
A 3D ﬁnite element modeling is performed by means of the
commercial software Abaqus. By making use of the longitudinal
invariance of the plate, the size of the domain can be signiﬁcantly
reduced. Indeed, instead of modeling a long plate, it is sufﬁcient to
use only one element in the x direction with the following invari-
ance boundary conditions (Fig. 6):
Uxðx1; y; zÞ ¼ Uxðx0; y; zÞ þ ðx1  x0Þexx
Uyðx1; y; zÞ ¼ Uyðx0; y; zÞ
Uzðx1; y; zÞ ¼ Uzðx0; y; zÞ
ð5:1Þ
It should be noted that because of the invariance in the x direction,
the 3D aspect ratio of the elements is not important and the size of
the elements in the x direction does not play any role.minate with several cracks.
Fig. 7. Distribution of the interlaminar stresses rxz , ryz and rzz at the 30
	
=60
	
interface of ð30	 ;60	 Þs laminate.
Fig. 6. Finite element model of the laminate in delaminated state – 3D model (top); mesh in the yz plane (bottom).
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ness of the laminate is modeled. In order to obtain accurate results,
a strong reﬁnement is applied near the crack tip (see Fig. 6). The
size of the elements in this zone is almost 0.5 lm and the total
number of nodes is about 105.5.1. Interlaminar stress distributions
At ﬁrst, we are interested in the distributions of interlaminar
stresses which are related to delamination. It should be mentioned
that the interlaminar stresses are considered as generalized
Fig. 8. Distribution of the normal stress rxx at the middle of the layers in ð30
	
;60
	 Þs laminate.
Fig. 9. Distribution of the normal stress ryy at the middle of the layers in ð30
	
;60
	 Þs laminate.
Fig. 10. Distribution of the shear stress rxy at the middle of the layers in ð30
	
;60
	 Þs laminate.
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any postprocessing. In what follows, the abscissa axis y=b presents
the dimensionless coordinate following the laminate width and the
ordinate axis kij ¼ rijEx exx ; i; j 2 fx; y; zg signiﬁes normalized dimen-
sionless stress where exx and Ex are respectively the imposed longi-
tudinal strain and the longitudinal modulus of the laminate.
Because of the symmetry following the y direction, the curves
are plotted for 0 < y=b < 1 . Knowing that in the present problem
a = 1 mm and b = 10 mm, the abscissa y=b ¼ 0:9 corresponds to
the interfacial crack tip.
Fig. 7 shows the distributions of the interfacial shear stresses rxz
, ryz and normal stress rzz at the 30
	
=60
	
interface. It is seen thatthe interlaminar stresses increase rapidly in the vicinity of the
crack tip at y=b ¼ 0:9 while being almost zero in the interior region
of the laminate. The comparison between the LS1 and 3D-FE re-
sults shows that the two models give exactly the same results ex-
cept very near the crack tip. More precisely, for y > e=4 the LS1 and
3D-FE values are practically the same where y denotes the distance
from the crack tip and e = 0.19 mm is the thickness of a carbon-
epoxy ply.
It should be noted that in the frame of classical elasticity theory,
the interlaminar stress ﬁelds at the crack tip are singular. Thus the
obtained stress values at the crack tip are meaningless in the LS1
model as well as in the 3D-FE model. In other words, in the FEM
N. Saeedi et al. / International Journal of Solids and Structures 49 (2012) 3711–3726 3719the more mesh is reﬁned at the crack tip, the more the stress values
increase. However, depending on the mesh reﬁnement, there is a
distance from singularity point after which the stress values be-
come meaningful and the convergence is ensured. Indeed,
although stress values at the singularity points are meaningless,
the stress distributions in the vicinity of these points are important
may be used as delamination stress criteria. For example, there are
the stress criteria based on stress values at a speciﬁc distance from
singularity point or the average stress criteria considering the
average of interlaminar stresses over a characteristic distance fromFig. 11. Distribution of the shear stress rxz at the
Fig. 12. Distribution of the shear stress ryz at the
Fig. 13. Distribution of the normal stress rzz at thsingularity point (Brewer and Lagace, 1988; Kim and Soni, 1984,
1986; Lagunegrand et al., 2006; Lorriot et al., 2003; Whitney and
Nuismer, 1974; Wimmer et al., 2009). Since the LS1 stress values
are not accurate enough very close to the crack tip, in the part
two of this study, a reﬁned layerwise mesh strategy will be
proposed in order to increase the accuracy of the obtained stress
distributions near the singularity zones even for a relatively coarse
mesh. It will be shown that the stress ﬁelds become meaningful
until a distance equal to 1/1000 of the thickness of a carbon-epoxy
ply y > e=1000ð Þ.middle of the layers in ð30	 ;60	 Þs laminate.
middle of the layers in ð30	 ;60	 Þs laminate.
e middle of the layers in ð30	 ;60	 Þs laminate.
Fig. 14. Distribution of the normal stress rxx through the thickness of ð30
	
;60
	 Þs laminate.
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5.2.1. Stress distributions at the middle plane of the layers
In this paragraph we compare the distributions of all 3D-stress
ﬁelds at the middle of the layers. As it was previously explained,
in the LS1 model the 3D stress components can be expressed as
functions of the generalized stresses of the model (see AppendixFig. 15. Distribution of the normal stress ryy thA). Figs. 8–13 present the distributions of 3D-stresses in the middle
plane of the 30
	
and 60
	
, layers. The comparison of the LS1 results
with those of the 3D-FE model shows that the results of the two
models are identical except in the vicinity of the crack tip
(y=b ¼ 0:9). Indeed, if the distance from the crack tip is greater than
a forth of the total thickness of the laminate (y > e=2), the LS1
model is as accurate as the 3D-FE model; but very near the crackrough the thickness of ð30	 ;60	 Þs laminate.
Fig. 16. Distribution of the shear stress rxy through the thickness of ð30
	
;60
	 Þs laminate.
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of the six 3D-stress components.
5.2.2. Stress distributions through the thickness
Finally, in order to show the consistency of our results, the stress
distributions are plotted through the thickness at various distances
away from the crack tip towards the inner region of the laminate. In
the following ﬁgures, the through-the-thickness distributions areFig. 17. Distribution of the shear stress rxz thrdisplayed for y ¼ 0; y ¼ e=2; y ¼ e and y ¼ 2e where y signiﬁes
the distance from the crack tip following the y direction and
e ¼ 0:19 mm is the thickness of a single carbon-epoxy ply. The ab-
scissa axis kij ¼ rijEx exx ; i; j 2 fx; y; zg indicates the normalized stress
and the ordinate axis z=et denotes the normalized thickness coordi-
nate where et is the total thickness of the laminate.
Figs. 14–19 show the distributions of all 3D stresses through the
thickness of the laminate. In each ﬁgure, the stress variation isough the thickness of ð30	 ;60	 Þs laminate.
Fig. 18. Distribution of the shear stress ryz through the thickness of ð30
	
;60
	 Þs laminate.
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demonstrated, at the crack tip position the stress estimations of
the LS1 model are not accurate and even in some cases the LS1 re-
sults are totally different from the 3D-FEM results. However, it is
clear that by moving slightly away from the crack tip, the LS1 mod-
el is consistent with the 3D-FE model. It is found that at the dis-
tance y ¼ e=2 from the crack tip, the global forms of the stress
distributions are qualitatively captured by the LS1 model but theFig. 19. Distribution of the normal stress rzz thaccuracy is not very satisfying. By moving a little more away from
the crack tip, at y ¼ e the accuracy of the LS1 model becomes
acceptable, whereas the LS1 and 3D-FE models provide practically
the same results for y > 2e.
It is worth mentioning that the LS1 model is a very powerful
model for the estimation of interlaminar stresses but it is not too
appropriate for the evaluation of through-the-thickness stress
ﬁelds near singularities. The reason is that in the LS1 formulation,rough the thickness of ð30	 ;60	 Þs laminate.
N. Saeedi et al. / International Journal of Solids and Structures 49 (2012) 3711–3726 3723the interlaminar stresses are the generalized stresses of the model
while the 3D-stresses are obtained by linear, quadratic or cubic
interpolations through the layer thickness. Due to local 3D effects
in the vicinity of singularities, the LS1 estimations of 3D-stresses
do not necessarily match the 3D-FEM values. However, by using
the layerwise mesh strategy proposed in Part II of this paper, the
LS1 estimations become quite satisfactory even very close to singu-
larity points.
6. Conclusion
The delamination phenomenon is one of the major issues in de-
sign of multilayer structures. In order to apply a delamination fail-
ure criterion, it is necessary to analyze the delaminated structure.
Since 3D ﬁnite element models are generally too expensive in
terms of computational time and memory for such analysis, many
researches are dedicated to approach delamination problems with
alternative methods such as 2D layerwise models. This study uses
a layerwise stress model, called the LS1 model, for analyzing mul-
tilayered plates. This model was already used and validated for
analyzing multilayered plates under uniaxial extension in non-del-
aminated state (Carreira et al., 2002). In the present work, the LS1
model was extended to the analysis of multilayered plates sub-
jected to uniaxial extension in multi-delaminated state. This meth-
od allows us to model general multilayered long plates under
uniaxial extension with any multi-delamination conﬁguration in
plate section plane.
The proposed method is based on the formulation of the LS1
model (Caron et al., 2006) which is a layerwise stress approach
with ﬁrst-order membrane stress approximation per layer. The
model can be described as a stacking sequence of Reissner–Mindlin
plates linked by interlaminar stresses. At ﬁrst, the solution of an
arbitrary ðh1; h2; . . . ; hnÞ laminate under uniaxial extension was ob-
tained in non-delaminated state. Then the solving method was ex-
tended for multi-delaminated conﬁguration in which there can be
several interlaminar cracks with various length. The solving meth-
od consists in dividing the multi-delaminated plates at each crack
tip into sub-laminates (zones); then imposing the displacement
and stress continuity conditions between the adjacent zones. It
should be noted that the division-plane in this method is not the
delamination plane but it is perpendicular to the delamination
plane. As a consequence, the continuity conditions are written at
the level of the layers and not at the interfaces.
Based on the proposedmodel, a special software has been devel-
oped for the analysis of delamination in multilayered plates. This
program gives quickly the analytical solution of the problem for
any delamination conﬁguration in the plate section. In order to val-
idate the model, a ð30	 ;60	 Þs laminate was investigated and thor-
ough stress comparisons were made between the LS1 model and
a 3D-FEM. It was shown that the LS1 model accurately estimates
all 3D stress ﬁelds everywhere except the region very close to the
crack tip. Regarding the interlaminar stresses, the LS1 and 3D-
FEM estimations are the same while y > e=4 where y signiﬁes the
distance from the crack tip and e is the thickness of a carbon-epoxy
ply. Concerning the 3D stress ﬁelds at layers, it is concluded that for
y > e (i.e. the distance from the crack tip is greater than the thick-
ness of a carbon-epoxy ply), the LS1 results are acceptable. It should
be kept in mind that the LS1 model, inspired from the Pagano’s
model (Pagano, 1978), is a layerwise stress model dedicated to
the estimation of interlaminar stresses rather than a model for
determining 3D-stress ﬁelds at layers. The comparisons between
the LS1 model and the 3D-FEM regarding the interlaminar stresses,
clearly show the usefulness and efﬁciency of the LS1model as a lay-
erwise stress model for delamination analyses. Nevertheless, very
close to the crack tip (y < e=4), the LS1 estimations of interlaminarstress singularities are not satisfying. Indeed, in the LS1 model the
capture of stress singularities at free edges or crack tips is limited
while in the 3D-FEM by reﬁning the mesh, the capture of singular-
ities can be improved.
In the second part of this paper (Saeedi et al., accepted for pub-
lication), it will be shown that this drawback of the LS1 model near
singularities causes important errors in estimating the energy re-
lease rate for micro-cracks. A reﬁned approach, called reﬁned LS1,
will be presented in the companion paper. In this approach, an efﬁ-
cient layerwise mesh strategy is proposed which improves extre-
mely the 3D local estimations of the model. A complete
comparison between a 3D-FE model and the reﬁned LS1 model will
show the accuracy and efﬁciency of the proposed model for delam-
ination analysis of multilayered plates under uniaxial extension. It
will be demonstrated that the reﬁned LS1 model can be used as an
accurate and very efﬁcient model for evaluating the interlaminar
stress ﬁelds as well as the energy release rate in the vicinity of
stress singularity zones.
Appendix A. Expression of the 3D stress ﬁeld
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 !Appendix B. Analytical solution of non-delaminated
multilayered plate
The 3D strain–stress relation for orthotropic linear elastic mate-
rials can be written in Voigt notation as:
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In the above relation, it is assumed that the normal direction is
parallel to the z-axis and the longitudinal and transverse directions
are located in the xy plane. The matrices eeS and eeSQ , and the scalar
Sm, deduced from the compliance matrix Sðx;y;zÞ, are deﬁned as
follows:
eeS ¼ S11 S12 S16S12 S22 S26
S16 S26 S66
0B@
1CA; eeSQ ¼ S44 S45
S45 S55
 
; Sm ¼ S33
As already stated, in total there are 16n 3 equations in which
6n 3 are algebraic. Therefore, it is possible to eliminate 6n 3 un-
known ﬁelds. For this reason, the unknown ﬁelds Nixx, M
i
xx, Q
i
x,
si;iþ1x ; si;iþ1y and mi;iþ1 are expressed in terms of the other unknown
ﬁelds.
From Eq. (3.3), it is deduced:
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In the same way, from Eq. (3.4), the expression ofMixx is obtained as:
Mixx ¼ 
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The ﬁrst equation of (3.5) and Eq. (3.6) lead to 3n 2 algebraic
equations. Thus, 3n 2 unknowns can be eliminated. To this end,
the expressions of Qix, si;iþ1x and si;iþ1y are derived as follows:
A ¼ N1  B ðB:3Þ
where:
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and N is a 3n 2 3n 2 matrix as:
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According to Eq. (3.7), the normal interlaminar stresses can be ex-
pressed as follows:
C ¼ R1  D ðB:4Þ
where:
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and R is a n 1 n 1 matrix with the following expression:
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Until now by using 6n 3 algebraic equations, the following 6n 3
unknown ﬁelds have been eliminated:
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Now, there are 10n ﬁrst-order differential equations in terms of the
following 10n unknown ﬁelds:
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By rearranging Eq. (3.3) and deriving with respect to y, we obtain:
uix
 00 ¼ 1
ei
ci Nixy
 0
þ bi Niyy
 0h i
ðB:5Þ
uiy
 00
¼ 1
ei
bi Nixy
 0
þ ai Niyy
 0h i
ðB:6Þ
with:
ai ¼ S22  ðS12Þ
2
S11
 !i
; bi ¼ S26  S12S16S11
 i
; ci ¼ S66  ðS16Þ
2
S11
 !i
In the same way, according to Eq. (3.4) it is deduced:
/ix
 00
¼ 12
eið Þ3
ci Mixy
 0
þ bi Miyy
 0h i
ðB:7Þ
/iy
 00
¼ 12
eið Þ3
bi Mixy
 0
þ ai Miyy
 0h i
ðB:8Þ
Introducing the equilibrium equations (Eqs. (3.8)–(3.11)) in the pre-
vious equations gives:
uix
 00 ¼ 1
ei
ci si1;ix  si;iþ1x
 þ bi si1;iy  si;iþ1y h i ðB:9Þ
uiy
 00
¼ 1
ei
bi si1;ix  si;iþ1x
 þ ai si1;iy  si;iþ1y h i ðB:10Þ
/ix
 00
¼ 12
eið Þ3
ci Qix 
ei
2
si1;ix þsi;iþ1x
  þbi Q iy  ei2 si1;iy þsi;iþ1y 
 
 
ðB:11Þ
/iy
 00
¼ 12
eið Þ3
bi Qix 
ei
2
si1;ix þ si;iþ1x
  þ ai Qiy  ei2 si1;iy þ si;iþ1y 
 
 
ðB:12Þ
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uiz
 0 ¼  /iy þ 65ei SiQ 12 Qix  ei12 si1;ix þ si;iþ1x 

 
þSiQ 22 Q
i
y 
ei
12
si1;iy þ si;iþ1y
 
 
To eliminate uiz, the system B.4 is derived with respect to y in which
the previous expression of ðuizÞ0 is introduced; so the expression of
mi;iþ1
 0 is obtained as:
ðCÞ0 ¼ R1  ðDÞ0
Deriving the last equilibrium equation Eq. (3.12) yields:
Qiy
 00
¼ mi1;i 0  mi;iþ1 0 ðB:13Þ
In which the expressions of mi;iþ1
 0 is injected.
In this way, a system of 5n second-order equations is extracted
as follows:
X00 ¼ M  X ðB:14Þ
where:
X ¼ u1x ; . . . ;unx|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;u1y ; . . . ;u
n
y|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;/1x ; . . . ;/
n
x|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;/1y ; . . . ;/
n
y|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;Q1y ; . . . ;Q
n
y|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
n
0B@
1CA
t
ðB:15Þ
where X is the unknown vector of dimension 5n constituted of the
following dimensionless variables:
uix ¼
uix
e
; uiy ¼
uiy
e
; /ix; /
i
y; Q
i
y ¼
Qiy
eG
with:
e ¼ 1
n
Xn
i¼1
ei; G ¼ 1
n
Xn
i¼1
GiLN þ GiTN
2
The components of the matrix M are deduced from Eqs. (B.9)–
(B.13). To impose the boundary conditions, they should be ex-
pressed in terms of principal unknowns of the ﬁnal system of equa-
tions. Injecting the boundary conditions (3.15) into the constitutive
Eqs. (2.14) and (2.15) provides the following 10n boundary
conditions:
ðuixÞ0ðbÞ ¼
D
l
Si16
Si11
; ðuiyÞ0ðbÞ ¼
D
l
Si12
Si11
;
ð/ixÞ0ðbÞ ¼ 0; ð/iyÞ0ðbÞ ¼ 0; QiyðbÞ ¼ 0 ðB:16ÞAppendix C. Analytical solution of delaminated multilayered
plate – a single interfacial crack
The interface k; kþ 1 is completely delaminated, thus:
sk;kþ1x ¼ 0; sk;kþ1y ¼ 0; mk;kþ1 ¼ 0 ðC:1Þ
The interlaminar stresses sk;kþ1x and sk;kþ1y are known and should be
eliminated from the system (B.3). Consequently, the system (B.3) is
rewritten as:
Ad ¼ N1d  Bd ðC:2Þwith:
Ad
 t ¼ Q1x ; . . . ;Qnx|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;s1;2x ; . . . ;s
k1;k
x ;s
kþ1;kþ2
x ; . . . ;s
n1;n
x|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n2
;s1;2y ; . . . ;s
k1;k
y ;s
kþ1;kþ2
y ; . . . ;s
n1;n
y|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n2
0B@
1CA
Bd
 t ¼ a1; . . . ;an|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
n
;b1;2; . . . ;bk1;k;bkþ1;kþ2; . . . ;bn1;n|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n2
;c1;2; . . . ;ck1;k;ckþ1;kþ2; . . . ;cn;n1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n2
0@ 1A
where the index d signiﬁes the delaminated case. The matrix Nd of
dimensions ð3n 4Þ  ð3n 4Þ is deduced from the matrix N by
eliminating the lines and the columns corresponding to sk;kþ1x and
sk;kþ1y (Lines and columns nþ k and 2n 1þ k).
Similarly, the interlaminar stress mk;kþ1 should be eliminated
from the system (B.4) which gives:
Cd ¼ R1d  Dd ðC:3Þ
with:
Cd
 t ¼ m1;2; . . . ; mk1;k; mkþ1;kþ2; . . . ; mn1;n 
Dd
 t ¼ u2z  u1z ; . . . ;ukz  uk1z ;ukþ2z  ukþ1z ; . . . ;unz  un1z 
The matrix Rd of dimensions ðn 2Þ  ðn 2Þ is deduced from the
matrix R by eliminating the line and the column corresponding to
mk;kþ1 (Line and column k).
By obtaining the expressions of the unknown ﬁelds Qix, si;iþ1x ,
si;iþ1y and mi;iþ1 via the systems (C.2) and (C.3), and introducing them
into Eqs. (B.9)–(B.13) the system of Eq. (4.4) is derived. It is noted
that the expression of the vector X herein, is the same as (B.15).
Finally, the constitutive equations corresponding to the inter-
face k; kþ 1 (Eqs. (4.2) and (4.3)) can be used in order to calculate
the discontinuity displacements ﬁelds ck;kþ1x , ck;kþ1y and ck;kþ1z .
Appendix D. Analytical solution of delaminated multilayered
plate – several interfacial cracks
The solution of the problem in each zone is given in Eq. (3.13)
for non-delaminated zones or in Eq. (4.4) for delaminated zones.
For non-delaminated zones, the solution is already obtained in
Appendix B. For the delaminated zones, the solution is found in
the case of a single interfacial crack (see Appendix C). Herein, there
may be several delaminated interfaces in each zone. The solving
method in multi-delaminated case is the same as that used in
Appendix C. In this way, there will be the same equations as
(C.2) and (C.3) except that the expressions of the vectors Ad, Bd,
Cd, Dd and the matrices Nd, Rd, which are obtained as follows:
For each delaminated interface such as k; kþ 1:
 The vectors Ad, Bd are deduced from the vectors A, B by eliminat-
ing the components nþ k and 2n 1þ k.
 The matrix Nd is deduced from the matrix N by eliminating the
lines and the columns nþ k and 2n 1þ k.
 The vectors Cd, Dd are deduced from the vectors C, D by elimi-
nating the component k.
 The matrix Rd is deduced from the matrix R by eliminating the
line and the column k.References
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